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Abstract. The evaluation of the natural frequency of random
Vs proﬁles before analyzing the fundamental Rayleigh-wave
dispersion characteristics is proposed in this paper. The in-
clusion of this parameter optimizes the effectiveness of ran-
dom inverse searching to estimate Vs proﬁles. To demon-
strate this method, a numerical test was performed using the
“experimental” Rayleigh-wave dispersion curve obtained for
a ﬁctitious TEST site.
1 Introduction
Highly populated cities in numerous developing countries
are facing a high seismic risk. In many cases, the damages
caused by earthquakes have been the consequence of the in-
teraction between ground motion and soil-structure interac-
tion; the so-called “site effect”. In that respect one well-
known example is the 1985 Mexico City earthquake that
caused 60000 casualties. The characteristics of the ground
structure, in particular the Vs proﬁle: shear wave velocity
andthicknessofeachlayer, areveryimportantforearthquake
disaster prevention, and the role of geophysical prospecting
is preponderant. These geophysical prospecting techniques
should be economic, fast and reliable.
One of the most recent techniques for estimating the soil
proﬁle is using the characteristics of Rayleigh-wave disper-
sion. The Rayleigh-wave is a type of surface wave, which
is dispersive due to that the phase velocity of Rayleigh-wave
varies with frequency. Haskell (1953) showed the basis for
calculating the theoretical Rayleigh-wave dispersion on a
multilayered media. Nowadays, there are several methods
for estimating the Rayleigh-wave dispersion characteristics
from ambient vibrations. For example, the high resolution
f-k spectral method (Capon, 1969), the SAC method (Toki-
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matsu, 1995), and the SASW method (Nazarian and Stokoe,
1984), among other methods, are some of the most used
techniques. Whichever method is used, the obtained disper-
sion curve has some variations of phase velocity at each fre-
quency, and this fact should be considered during the inverse
analysis process.
Concerning to the inverse analysis of Rayleigh-wave dis-
persion characteristics, a full systematic search using wide
ranges of values for shear-wave velocity and thickness would
demand huge computation times, due to the large total num-
ber of combinations that increases with the number of lay-
ers in the performed analysis. Nowadays, there are sev-
eral methods, e.g., the Neighbourhood Algorithm (NA) and
the Genetic Algorithm (GA) (Sen and Stoffa, 1995). One
of fastest methods would be the NA method proposed by
Sambridge (1999), which uses a stochastic direct technique
for non-linear geophysical inverse problems through multi-
dimensional parameter spaces. However the NA code is not
available for personal computers. The random inverse analy-
sis used in this research could be considered as the ﬁrst gen-
eration in the GA to ﬁnd new and better sets of ranges for the
next generation of searching.
2 Experimental Rayleigh-wave dispersion at ﬁctitious
TEST site
To show the effectiveness of the here presented method, a
numerical test was performed on a ﬁctitious TEST site. The
physical parameters of each layer are shown in Table 1. The
“experimental dispersion”, which is actually the theoretical
Rayleigh-wavedispersioncurve, wascalculatedusingthede-
ﬁned physical parameters of Table 1 (Fig. 1). Only 14 points
from a frequency band of 3.4∼7.0Hz of this experimental
dispersion curve (black points in Fig. 1) were selected for
faster evaluation. The criteria used for minimum and max-
imum limits of the frequency band were (1) that the phase
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Table 1. Physical parameters assumed for TEST site.
Layer Density (ton/m3) VP (m/s) Vs (m/s) H (m)
1 1.32 330 150 5
2 2.06 1950 240 10
3 2.06 1950 380 6
4 2.19 2490 930 12
5 2.28 2910 1470 40
6 2.38 3500 1850 30
7 2.50 3800 2500 ∞
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Figure 1. Experimental Rayleigh wave dispersion characteristics used as target for estimating 
Vs profile at fictitious TEST site. 
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Fig. 1. Experimental Rayleigh-wave dispersion characteristics used
as target for estimating Vs proﬁle at ﬁctitious TEST site.
velocity for frequencies lower than 3.4Hz showed high un-
certainty and (2) that the values of phase velocity for fre-
quencies higher than 7.0Hz may be affected by higher modes
of Rayleigh-waves. A standard deviation (σ=±10%) of the
phase velocity at each frequency (dash lines in Fig. 1) was
consideredduetothevariabilityofactualRayleigh-wavedis-
persion curve.
The random searching for possible Vs proﬁles was carried
out through multidimensional parametric spaces. Values of
all parameters for all layers were assigned simultaneously
with random values within their respective ranges. Table 2
shows the ranges used for Poisson ratio (ν), S-wave velocity
(Vs ), and thickness (H) in each layer during inverse analy-
sis. The shear wave velocity and the thickness have strong
inﬂuence on the characteristics of Rayleigh-wave dispersion.
The P-wave velocity (VP) in each layer was calculated by
Eq. (1).
VP = Vs

1 − ν
0.5 − ν
1/2
(1)
And the density (ρ) in each layer was determined by
Eq. (2), which is the empirical relation proposed by Gard-
ner et al. (1974).
ρ = 0.31V 0.25
P (2)
where, ρ is in (t/m3) and VP is in (m/s).
Table 2. Ranges of parameters used for random inverse analysis.
Layer ν Vs (m/s) H (m)
1 0.25∼0.49 50∼300 1∼30
2 100∼500 1∼50
3 200∼1000 1∼50
4 200∼2000 1∼100
5 200∼3000 1∼100
6 200∼4000 1∼100
A huge number of trials (1.26×1023 combinations) would
obtained if the increments of 10m/s for S-wave velocity and
1m for thickness are applied in respective parameter ranges
of Table 2. So, the full systematic calculation would take a
huge computer consuming time.
As one key for optimizing computation time, the value
of natural frequency of each random Vs proﬁle was calcu-
lated before assessing its respective Rayleigh-wave disper-
sion. Only the Vs models whose values for the natural fre-
quency are within a certain frequency band and lower than
a certain frequency where the value of phase velocity be-
comes asymptotic were taken into account for calculating of
theoretical fundamental Rayleigh-wave dispersion. The fre-
quency range of 2.9∼3.4Hz was chosen as appropriate fre-
quency band for checking the natural frequency of random
Vs proﬁles at TEST site (see Fig. 1). In this sense, F¨ ah et
al. (2003) reported that stable parts of the H/V ratio of am-
bient vibrations are dominated by the ellipticity of the fun-
damental mode of Rayleigh-wave in the frequency band be-
tween the natural frequency of unconsolidated or “soft” sed-
iments and the ﬁrst minimum of the average H/V ratio. Fur-
thermore, Bonnefoy-Claudet et al. (2006) concluded that the
predominant frequency of the H/V ratio from synthetic am-
bient vibrations when sources are on the surface is related to
the fundamental mode of Rayleigh-waves. The authors have
veriﬁed this relationship using their own synthetic ambient
vibrations. A detailed description of their numerical simula-
tion is given in Tokeshi et al. (2000).
3 Results from random inverse analysis
The total number of trials used for random inverse analy-
sis was 10 millions, which took 1 day to ﬁnish calculation.
After satisfying the two conditions, the value of fundamen-
tal Rayleigh-wave velocity within ±10% of the experimental
phase velocity at each frequency and the value of natural fre-
quency of Vs proﬁle within a frequency band lower than the
asymptotic frequency of Rayleigh-wave dispersion, all but
62 solutions were rejected and interpreted as possible solu-
tions for Vs proﬁles. Figure 2 shows the 10 best solutions
(gray lines), the former Vs proﬁle (dashed line), and, the av-
erage of the 10 solutions (solid line). The average of Vs pro-
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Figure 2. Vs profiles obtained from random inverse analysis of experimental Rayleigh wave 
dispersion characteristics. 
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Fig. 2. Vs proﬁles obtained from random inverse analysis of exper-
imental Rayleigh-wave dispersion characteristics.
ﬁle was obtained as the average of corresponding values for
thicknesses and shear wave velocities of each layer. It is clear
thatthevariationofpossiblesolutionsforVsproﬁleincreases
with depth, but the ﬁtting of average with former Vs proﬁle
is acceptable.
4 Conclusions
For optimizing random inverse analysis, the previous evalu-
ation of the natural frequency of each random Vs proﬁle was
included, just before calculation of fundamental Rayleigh-
wave dispersion characteristics. One test on the proposed
optimization was carried out on a ﬁctitious TEST site, whose
physical parameters of each layer were deﬁned beforehand.
The theoretical or experimental fundamental Rayleigh-wave
dispersion curve obtained at this TEST site was used as the
target during random inverse searching.
The conclusions are as follows:
– The inclusion of a previous evaluation of the natural fre-
quency of each random Vs proﬁle is an effective tool for
optimizing the random inverse searching.
– The variation of Vs proﬁles from possible solutions in-
creases with depth, but the average of possible solutions
is acceptable when comparing with the former Vs pro-
ﬁle model.
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